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Abstract
We adapt a nonlinear version of Peetre’s theorem on local oper-
ators in order to investigate representatives of nonlinear generalized
functions occurring in the theory of full Colombeau algebras.
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1 Preliminaries
Algebras of of nonlinear generalized functions in the sense of J.F. Colombeau
[1, 2, 3, 5, 11] provide a way to define a meaningful multiplication of arbitrary
distributions while at the same time products of smooth functions and the
partial derivatives of distribution theory are preserved. This is the best one
can obtain in light of L. Schartz’ impossibility result [12].
A certain variant of these algebras, namely those which are termed full
Colombeau algebras, have been gaining more and more importance recently
through their role in the development of a coordinate-invariant formulation
of nonlinear generalized function algebras suitable for singular differential
geometry and nonlinear problems in a geometrical context. We recall that
in general, Colombeau algebras are given as quotients of certain basic spaces
containing the representatives of generalized functions. In successive steps,
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these basic spaces have been modified and enlarged in order for the resulting
algebras to accomodate certain desired properties [4, 6, 9, 10]. At one point
in this development, the sheaf property could only be obtained in the quo-
tient by imposing so-called locality conditions on the elements of the basic
space.
The object of this article is to study representatives of nonlinear generalized
functions on an open subset Ω Ď Rn which are given by smooth mappings
R : C8pΩ,DpΩqq Ñ C8pΩq
which satisfy the most general of these locality conditions, i.e., which are
local (Definition 2). Adapting arguments of J. Slova´k from [13] we obtain a
characterization of locality in simpler terms, i.e., Rp~ϕqpxq does not depend
on the germ of ~ϕ at x but only on its jet of infinite order at x (Theorem
3). Furthermore, we examine in which sense such mappings R have locally
finite order (Theorem 5). While any distribution is of finite order locally, no
comparable statement exists for Colombeau algebras so far; our results are a
first step in this direction.
Let use introduce some notation. Throughout this article we will work on
open subsets Ω1 Ď R
n and Ω2 Ď R
n1 with n, n1 P N fixed. We employ the
usual multiindex notation Bα, α!, |α| etc. with differentiation indices α P Nn0 .
Given an open subset Ω Ď Rn and a locally convex space E, the space
C8pΩ,Eq is endowed with its standard topology, which is that of uniform
convergence on compact sets in all derivatives separately. For a function f
we denote by jrfpxq the r-jet of f at x, i.e., the family pBαfpxqq|α|ďr, where
also r “ 8 is allowed. The interior of a set B is denoted by B˝. Note that for
smooth functions fpx, yq of two variables we will also write fpxqpyq, justified
by the exponential law [7, 3.12, p. 30].
The formulation of Theorem 5 requires a notion of smoothness for mappings
between arbitrary locally convex spaces. The setting we use for this is that
of convenient calculus [7], i.e., a mapping f : E Ñ F between two locally
convex spaces is said to be smooth in this sense if it maps each smoothly
parametrized curve into E to a smoothly parametrized curve into F, i.e., for
all c P C8pR,Eq we have f ˝ c P C8pR,Fq.
For convenience we cite the extension theorem of Whitney [8, 1.5.6, p. 31]
which will be heavily used below.
Theorem 1 (Whitney). Let Ω be an open subset of Rn and X a closed subset
of Ω. Given a continuous function fα on X for each α P Nn
0
, there exists a
function f P C8pΩq with Bαf |X “ f
α for all α P Nn
0
if and only if for all
2
integers m ě 0 and all compact subsets K Ď X we have
fαpyq “
ÿ
|β|ďm
1
β!
fα`βpxqpy ´ xqβ ` op‖y ´ x‖mq (1)
uniformly for x, y P K as ‖y ´ x‖Ñ 0.
2 Main Results
We first recall the definition of locality for elements of the basic space
C8pC8pΩ,DpΩqq, C8pΩqq
given in [10]. While only the case Ω1 “ Ω2 was considered there, we use a
slightly more general formulation which will be needed below.
Definition 2. A mapping R : C8pΩ1,DpΩ2qq Ñ C
8pΩ1q is called local if for
all x P Ω1 and all ~ϕ, ~ψ P C
8pΩ1,DpΩ2qq the following implication holds:
~ϕ|U “ ~ψ|U for some open neighborhood U of x ùñ Rp~ϕqpxq “ Rp~ψqpxq.
Our first result is the following.
Theorem 3. A mapping R : C8pΩ1,DpΩ2qq Ñ C
8pΩ1q is local if and only
if for every ~ϕ P C8pΩ1,DpΩ2qq and every point x P Ω1, Rp~ϕqpxq depends on
the 8-jet j8p~ϕqpxq only, i.e., if for all x P Ω1 and ~ϕ, ~ψ P C
8pΩ1,DpΩ2qq the
equality j8~ϕpxq “ j8 ~ψpxq implies Rp~ϕqpxq “ Rp~ψqpxq.
The proof imitates that of [13, Theorem 1, p. 274] but is adapted in order to
incorporate the additional variable y of the smoothing kernels ~ϕpxqpyq.
Proof. Suppose we are given ~ϕ, ~ψ P C8pΩ1,DpΩ2qq such that pB
α
x ~ϕqpxq “
pBαx
~ψqpxq for some fixed x P Ω1 and all α P N
n
0
. Choose an open neighborhood
W of x which is convex and relatively compact in Ω1, as well as compact sets
K,L Ď Ω2 with K Ď L
˝ such that supp ~ϕpaq Y supp ~ψpaq Ď K for all a PW .
Next, we construct a sequence pxkqkPN in W and an open neighborhood Uk
of each xk with Uk ĎW such that for all k the following conditions hold:
‖a ´ x‖ ă ‖b´ x‖ {2 @a P Uk`1, b P Uk (2)ˇˇˇ
pBαxB
β
y ~ϕqpa, ξq ´ pB
α
xB
β
y
~ψqpa, ξq
ˇˇˇ
ď
1
k
‖a´ x‖m (3)
@a P Uk, ξ P L, |α| ` |β| `m ď k.
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It suffices to show that (3) holds for any fixed α, β P Nn0 and m P N uniformly
for all ξ P L if ‖a´ x‖ is small enough. By Taylor’s theorem we have for any
f “ fpx, yq P C8pΩ1 ˆ Ω2q, m P N0, a P W and ξ P L:
fpa, ξq “
ÿ
|γ|ăm
pBγxfqpx, ξq
γ!
pa ´ xqγ
`m
ÿ
|γ|“m
pa´ xqγ
γ!
ż
1
0
p1´ tqm´1pBγxfqpx` tpa ´ xq, ξq dt.
Replacing f by BαxB
β
y ~ϕ´ B
α
xB
β
y
~ψ we see that
pBαxB
β
y ~ϕ´ B
α
xB
β
y
~ψqpa, ξq “
m
ÿ
|γ|“m
pa´ xqγ
γ!
ż
1
0
p1´ tqm´1pBα`γx B
β
y ~ϕ´ B
α`γ
x B
β
y
~ψqpx` tpa ´ xq, ξq dt
“ op‖a´ x‖mq as ‖a ´ x‖Ñ 0
uniformly for pa, ξq PW ˆL. In fact, pBα`γx B
β
y ~ϕ´B
α`γ
x B
β
y
~ψqpa, ξq vanishes for
a “ x by assumption and is uniformly continuous on the compact set W ˆL,
hence the integrand converges to zero uniformly for ξ P L as a and hence
x` tpa´ xq approaches x.
Note that (2) implies
‖a ´ x‖ ă 2 ‖a ´ b‖ @a P Uk, b P U j , k ‰ j. (4)
In fact, for k ą j we have 2 ‖a´ x‖ ă ‖b´ x‖ ď ‖a ´ b‖ ` ‖a ´ x‖ and for
k ă j we have ‖a ´ x‖ ď ‖a´ b‖`‖b´ x‖ ă ‖a´ b‖`‖a ´ x‖ {2. Moreover,
xk Ñ x for k Ñ8.
With A :“ txu Y
Ť
k Uk, which is a compact subset of W , we define a family
of continuous functions hα,β on Aˆ L with α, β P Nn
0
by
hα,βpa, ξq :“
#
pBαxB
β
y ~ϕqpa, ξq a “ x or a P U 2k for some k,
pBαxB
β
y
~ψqpa, ξq a P U 2k`1 for some k.
(5)
In order to apply Whitney’s theorem to this family we have to verify that
hα,βpb, ηq “
ÿ
|pγ,λq|ďm
hα`γ,β`λpa, ξq
pγ, λq!
pb´aqγpη´ξqλ`op‖pb´ a, η ´ ξq‖mq (6)
uniformly for pb, ηq and pa, ξq in Aˆ L as ‖pb´ a, η ´ ξq‖Ñ 0. This follows
easily from Taylor’s theorem, (3) and (4).
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Consequently, there is a function h˜ P C8pRn ˆ Rn
1
q whose derivatives on
A ˆ L are given by BαxB
β
y h˜ “ h
α,β . Choosing ρ P DpΩ2q such that ρ ” 1 in
an open neighborhood of K and supp ρ Ď L, set hpaqpξq :“ h˜pa, ξq ¨ ρpξq for
a P Ω1 and ξ P Ω2. Then h P C
8pΩ1,DpΩ2qq and
h|U2k “ ~ϕ|U2k , h|U2k`1 “
~ψ|U2k`1 @k P N,
pBαxhqpxq “ pB
α
x ~ϕqpxq “ pB
α
x
~ψqpxq @α P Nn
0
.
The claim of the theorem then follows by
Rp~ϕqpxq “ lim
kÑ8
Rp~ϕqpx2kq “ lim
kÑ8
Rphqpx2kq
“ lim
kÑ8
Rphqpx2k`1q “ lim
kÑ8
Rp~ψqpx2k`1q “ Rp~ψqpxq.
In order to show that Rp~ϕqpxq locally depends only on finitely many deriva-
tives of ~ϕpxq in a certain sense, we will employ the following lemma, paral-
leling [13, Lemma 1, p. 276].
Lemma 4. Let R : C8pΩ1,DpΩ2qq Ñ C
8pΩ1q be local and suppose we are
given f P C8pΩ1,DpΩ2qq, x0 P Ω1 and K Ď Ω2 compact with supp fpx0q Ď
K.
Define ε : Rn Ñ R by
εpxq :“
#
expp´1{ ‖x´ x0‖q x ‰ x0,
0 x “ x0.
Then there exist a neighborhood V of x0 in Ω1 and r P N such that for any
x P V and g1, g2 P C
8pΩ1,DpΩ2qq satisfying
(i) supp gipyq Ď K for y in a neighborhood of x and i “ 1, 2,
(ii) supξPΩ2
ˇˇ
BαxB
β
y pgi ´ fqpxqpξq
ˇˇ
ď εpxq for i “ 1, 2 and 0 ď |α| ` |β| ď r
we have the implication jrg1pxq “ j
rg2pxq ùñ pRg1qpxq “ pRg2qpxq.
Proof. Let R, f , x0 and K be as stated and suppose that the claim does not
hold. Then we can find a sequence xk Ñ x0 and, for each k P N, functions
fk, gk P C
8pΩ1,DpΩ2qq satisfying
supp fkpyq Y supp gkpyq Ď K for y in a neighborhood of xk, (7)
sup
ξPΩ2
ˇˇ
BαxB
β
y pfk ´ fqpxkqpξq
ˇˇ
ď εpxkq, and (8)
sup
ξPΩ2
ˇˇ
BαxB
β
y pgk ´ fqpxkqpξq
ˇˇ
ď εpxkq (9)
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for 0 ď |α| ` |β| ď k such that
jkfkpxkq “ j
kgkpxkq, pRfkqpxkq ‰ pRgkqpxkq. (10)
Taking suitable subsequences we may assume that
‖xk`1 ´ x0‖ ď ‖xk ´ x0‖ {2
for all k P N and that all xk are contained in an open neighborhood W of x0
which is relatively compact in Ω1 and convex. Furthermore, we can assume
that either xk ‰ x0 or xk “ x0 holds for all k P N.
In the first case, choose points yk PW with x0 ‰ yk ‰ xj for all k, j P N such
that
‖yk ´ xk‖ ď
1
k
‖xk ´ x0‖ , (11)
sup
ξPΩ
ˇˇ
BαxB
β
y pfk ´ fqpykqpξq
ˇˇ
ď 2εpxkq p0 ď |α| ` |β| ď kq, (12)
|pRgkqpxkq ´ pRfkqpykq| ě k ‖xk ´ yk‖
1{k
, (13)
supp fkpykq Ď K. (14)
Such points yk can be chosen if each of these finitely many conditions holds
for yk in some neighborhood of xk. Conditions (11) and (14) obviously are
without problems. For condition (12) with fixed α and β we note that
BαxB
β
y pfk´fqpW q is relatively compact (i.e., bounded) in DpΩ2q. Hence, there
exists a compact set Bk Ď Ω2 such that supp B
α
xB
β
y pfk´ fqpW q Ď Bk. In par-
ticular, BαxB
β
y pfk´fq is uniformly continuous in W ˆBk and requirement (12)
is satisfied for yk in a small enough neighborhood of xk. Finally, for (13) we
first note that by (10) there is δ ą 0 such that |pRfkqpykq ´ pRgkqpxkq| ě δ
for yk in a small neighborhood of xk by continuity of Rfk. Moreover, we have
k ‖xk ´ yk‖
1{k ď δ ðñ ‖xk ´ yk‖ ď pδ{kq
k
which gives (13) for yk in a small enough neighborhood of xk.
Next, we want to construct a function h P C8pΩ1,DpΩ2qq such that
pBαxB
β
yhqpxqpξq “
$’&’%
pBαxB
β
y gkqpxqpξq x “ xk for some k P N,
pBαxB
β
y fkqpxqpξq x “ yk for some k P N,
pBαxB
β
y fqpxqpξq x “ x0
(15)
for all α, β P Nn0 and ξ P Ω2. For this purpose we apply Whitney’s extension
theorem to the family hα,βpxqpξq defined by the right hand side of (15) for
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px, ξq in the compact set AˆL where A :“ tx0uY txk : k P NuY tyk : k P Nu
and the compact set L Ď Ω2 is chosen such that K Ď L
˝. Again, we have
to verify (6), which is straightforward using Taylor’s formula in combination
with (8), (9) and (12).
Emplying a cut-off function as in the proof of Theorem 3, we obtain h P
C8pΩ1,DpΩ2qq as desired. Theorem 3 now implies
|pRhqpxkq ´ pRhqpykq| “ |pRgkqpxkq ´ pRfkqpykq| ě k ‖xk ´ yk‖
1{k
.
For large k this gives a contradiction because Rh is smooth and a fortiori
locally Ho¨lder continuous.
In the other case, i.e., xk “ x0 for all k, our assumptions imply that
BαxB
β
y fkpx0qpξq “ B
α
xB
β
y gkpx0qpξq “ B
α
xB
β
y fpx0qpξq (16)
pRfkqpx0q ‰ pRgkqpx0q (17)
for all k P N, ξ P Ω2 and |α| ` |β| ď k.
Either pRfkqpx0q or pRgkqpx0q must be different from pRfqpx0q for infinitely
many values of k, hence without loss of generality we can assume that
pRfkqpx0q ‰ pRfqpx0q. As in the previous case, we then choose a sequence
yk Ñ x0 in an open convex neighborhoodW of x0 which is relatively compact
in Ω1 such that
|pRfkqpykq ´ pRfqpx0q| ě k ‖yk ´ x0‖
1{k
, (18)
‖yk`1 ´ x0‖ ă ‖yk ´ x0‖ {2, and (19)
sup
ξPΩ2
ˇˇ
BαxB
β
y pfk ´ fqpykqpξq
ˇˇ
ď
1
k
‖yk ´ x0‖
m (20)
for all |α| ` |β| `m ď k. (20) is obtained using Taylor’s theorem as in the
proof of Theorem 3. Again using Whitney’s extension theorem together with
a cut-off function in DpΩ2q, we can construct a mapping h P C
8pΩ1,DpΩ2qq
satisfying
j8hpykq “ j
8fkpykq, j
8hpx0q “ j
8fpx0q.
To summarize, by Theorem 3 we obtain
|pRhqpykq ´ pRhqpx0q| “ |pRfkqpykq ´ pRfqpx0q| ě k ‖yk ´ x0‖
1{k
in contradiction to Ho¨lder continuity of Rh, which concludes the proof.
With this in place we are able to show the following (cf. [13, Theorem 3,
p. 278]):
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Theorem 5. Let R : C8pΩ1,DpΩ2qq Ñ C
8pΩ1q be local and smooth and
suppose we are given f P C8pΩ1,DpΩ2qq, x0 P Ω1 and a compact subset
K Ď Ω2 such that supp fpx0q Ď K. Then there are r P N, a neighborhood V
of x0 and κ ą 0 such that for all x P V and g1, g2 P C
8pΩ1,DpΩ2qq with
(i) supp gipyq Ď K for y in a neighborhood of x and i “ 1, 2,
(ii) supξPΩ2
ˇˇ
BαxB
β
y pgi ´ fqpxqpξq
ˇˇ
ď κ for i “ 1, 2 and 0 ď |α| ` |β| ď r,
the condition jrg1pxq “ j
rg2pxq implies pRg1qpxq “ pRg2qpxq.
Proof. Fix R, f , x0 and K as stated and assume the claim does not hold.
With rpkq :“ 2´k there exists a sequence xk Ñ x0 and fk, gk P C
8pΩ1,DpΩ2qq
with
supp fkpyq Y supp gkpyq Ď K for y in a neighborhood of xk,
sup
ξPΩ2
ˇˇ
BαxB
β
y pfk ´ fqpxkqpξq
ˇˇ
ď e´rpkq, and
sup
ξPΩ2
ˇˇ
BαxB
β
y pgk ´ fqpxkqpξq
ˇˇ
ď e´rpkq
for 0 ď |α| ` |β| ď k such that
jkgkpxkq “ j
kfkpxkq, pRgkqpxkq ‰ pRfkqpxkq. (21)
We may assume that ‖xk`1 ´ x0‖ ď ‖xk ´ x0‖ {2. We then construct s P
C8pRˆ Ω1,DpΩ2qq such that
pBαxB
β
y sqp2
´k, xk, ξq “ pB
α
xB
β
y fkqpxkqpξq,
pBαxB
β
y sqp0, x0, ξq “ pB
α
xB
β
y fqpx0qpξq
for all k P N, ξ P Ω2 and α, β P N
n
0
. Note that A :“ tp0, x0quYtp2
´k, xkq : k P
Nu is compact in RˆRn. The function s is obtained by applying Whitney’s
theorem to the family of functions sl,α,β (with l P N0 and α, β P N
n
0
) defined
on Aˆ L, where L Ď Ω2 is any compact set such that K Ď L
˝, by
sl,α,βpt, x, ξq :“
$’&’%
pBαxB
β
y fkqpxkqpξq l “ 0 and pt, xq “ p2
´k, xkq for some k,
pBαxB
β
y fqpx0qpξq l “ 0 and pt, xq “ p0, x0q,
0 l ‰ 0.
The requirements for Whitney’s theorem then are easily verified and we ob-
tain s˜ P C8pR ˆ Rn ˆ Rn
1
q which, by multiplying it with a suitable cut-off
function in DpΩ2q as before, gives s as desired. Next, we define a maprR : C8pRˆ Ω1,DpΩ2qq Ñ C8pRˆ Ω1q
p rRhqpt, xq :“ Rphtqpxq
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where ht P C
8pΩ1,DpΩ2qq is given by htpxq :“ hpt, xq. Obviously, rR is local
in the sense of Definition 2. Now pRfkqpxkq “ Rpsp2
´k, .qqpxkq holds because
Bαxfkpxk, ξq “ B
α
xsp2
´k, xk, ξq for all α, β P N
n
0 and ξ P Ω2 by the construction
of s above. Furthermore, Rpsp2´k, .qqpxkq “ p rRsqp2´k, xkq by the definition
of rR. We now define g˜k P C8pRˆΩ1,DpΩ2qq by g˜kpt, x, ξq “ gkpx, ξq and see
that
pBltB
α
xsqp2
´k, xk, ξq “ pB
l
tB
α
x g˜kqp2
´k, xk, ξq
for 0 ď l ` |α| ď k. Hence, p rRsqp2´k, xkq “ p rRg˜kqp2´k, xkq holds for large
values of k by Lemma 4. Finally, p rRg˜kqp2´k, xkq “ pRgkqpxkq. To summarize,
we obtain pRfkqpxkq “ pRgkqpxkq for large k, which contradicts (21) and
concludes the proof.
3 Conclusion
We have seen in Theorem 3 that Rp~ϕqpx0q does not depend on the entire
germ of ~ϕ at x0, but only on its 8-jet. Moreover, the statement of Theorem
5 may be reworded as follows: if R is smooth and local and we are given ~ϕ
and x0, there is a neighborhood of p~ϕ, x0q and a natural number r such that
that for all p~ψ, xq in this neighborhood, the value of Rp~ψqpxq depends only
on the r-jet of ~ψ at x.
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